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In this paper, we study Smarandache curves according to Darboux frame in the three-dimensional 
Minkowski space ER. Using the usual transformation between Frenet and Darboux frames, we investi- 
gate some special Smarandache curves for a given timelike curve lying fully on a timelike surface. Finally, 
we defray a computational example to confirm our main results. 
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1. Introduction 


In the study of the fundamental theory and the characteri- 
zations of space curves, the corresponding relations between the 
curves are very interesting and important problem. 

Among all space curves, Smarandache curves have special em- 
placement regarding their properties, because of this they deserve 
especial attention in Euclidean geometry as well as in other ge- 
ometries. It is known that Smarandache geometry is a geometry 
which has at least one Smarandache denied axiom [1]. An axiom 
is said to be Smarandache denied, if it behaves in at least two dif- 
ferent ways within the same space. Smarandache geometries are 
connected with the theory of relativity and the parallel universes. 
Smarandache curves are the objects of Smarandache geometry. By 
definition, if the position vector of a curve 6 is composed by Frenet 
frame’s vectors of another curve f, then the curve 6 is called a 
Smarandache curve [2]. In three-dimensional curve theory, each 
unit speed curve with at least four continuous derivatives, one can 
associate three mutually orthogonal unit vector fields T, N and B 
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(Frenet frame vectors) are respectively, the tangent, the principal 
normal and the binormal vector fields. 

In the light of the existing studies in the field of geometry, 
many interesting results on Smarandache curves have been ob- 
tained by many mathematicians [3-9]. Turgut and Yilmaz have in- 
troduced a particular circumstance of such curves, they entitled it 
Smarandache TB, curves in the space E} [2]. They studied special 
Smarandache curves which are defined by the tangent and second 
binormal vector fields. In [4], the author has illustrated certain spe- 
cial Smarandache curves in the Euclidean space. 

Special Smarandache curves in such a manner that Smaran- 
dache curves TN;, TN>, N,N and TN,N> with respect to Bishop 
frame in Euclidean 3-space have been seeked for by Cetin et al.[6]. 
Furthermore, they worked differential geometric properties of 
these special curves and checked out first and second curvatures 
of these curves. Also, they get the centers of the curvature spheres 
and osculating spheres of Smarandache curves. 

Recently, H.S. Abdel-Aziz and M. Khalifa Saad have studied spe- 
cial Smarandache curves of an arbitrary curve such as TN, TB 
and TNB with respect to Frenet frame in the three-dimensional 
Galilean and pseudo-Galilean spaces [3,7]. 

The main goal of this article is to introduce and describe some 
special Smarandache curves in EB for a given timelike surface and 
a timelike curve lying fully on it with reference to its Darboux 
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frame. We looking forward to that our results will be helpful to 
researchers who are specialized on mathematical modeling and 
other applications. 


2. Basic concepts 


Let us first recall the basic notions from Lorentz geometry [10]. 

Let R3 = {(x1,X2,X3) | X1.X2,X3 € R }be a 3-dimensional vector 
space, and let x = (x1, X2,x3) and y = (yj, ¥2, y3) be two vectors in 
R3. The Lorentz scalar product of x and y is defined by 


(X,Y )p = X1¥1 + X22 — X33. 


E? = (R3, (x,y ),) is called 3-dimensional Lorentzian space, 
Minkowski 3-space or 3-dimensional Semi-Euclidean space. The ar- 
bitrary vector x in EF; can have one of three Lorentzian causal char- 
acters; it can be spacelike, timelike and lightlike (null) if (x, x), 
> Oorx=0, (x,x),; <O and (x,x); =0 and x ¥ O, respectively. 
Similarly, a curve r, locally parameterized by r= r(s) : Ic R—~ E} 
where s is pseudo arclength parameter, is called a spacelike curve 
if (r’(s), r’(s)), > O, timelike if (r’(s), r’(s)), < Oand lightlike if 
(r’(s),1r’(s) ), =0 and r(s) 4 O for all s € I. The two vectors 
X= (X1,X2,X3), Y= (V1, V2, Y3) € K3 are orthogonal if and only if 
(x ,y ), = 0. Also, for any x, y € E?, Lorentzian vector product of x 
and y is defined by 


Q&y &2 83 
XX_LY= |X, X2 X3 
My y2 y3 


The norm of a vector xe Ey is given by ||x||, = ./|( x,x ),|. We 
denote by {T, N, B} the moving Frenet frame along the curve r(s) 
in the Minkowski space E}, where the vectors T, N, B are called 
the vectors of the tangent, principal normal and the binormal of 
r, respectively. Consider now the following definition that we are 
needed throughout this study. 


Definition 1. A surface M in the Minkowski 3-space E} is said to 
be spacelike, timelike surface if, respectively the induced metric on 
the surface is a positive definite Riemannian metric, Lorentz met- 
ric. In other words, the normal vector on the spacelike (timelike) 
surface is a timelike (spacelike) vector [10]. 


3. Smarandache curves of a timelike curve on a timelike 
surface 


Consider a timelike curve r=r(s) in EB parameterized by its 
arc length s and lying fully on an oriented timelike surface M. Let 
T, N, B be the tangent, principal normal and binormal vector fields 
along r(s). Then, Frenet frame is given by 


T 0 « O\/T 
N}]=(x« oO HIN], (1) 
B’ 0 -t O/\B 


where a prime denotes differentiation with respect to s. For this 
frame the following are satisfying 


(T,T) =—1, (B,B) =(N,N)=1, 
(T,N ) = (T,B) = (N,B) =0. 


The coefficients « and t are the curve’s curvature and torsion. 

Let {T, P, U} be the Darboux frame of r(s) with T as the tan- 
gent vector of r and U is the unit normal to the surface M and 
P =T x JU, then the usual transformation between Frenet and Dar- 
boux frames takes the form [10,11]: 


T 1 0 0 T 
P}={0 coshé_ sinhé }{N}, (2) 
U 0 sinh@O~ cosh@/ \B 


where @ is the angle between the vectors P and N. Therefore, the 
Darboux frame of r(s) is given as follows 


T O Ke Kky\ /T 
P’ = Kg 0 —Tg P ‘ (3) 
U Ky Tg O U 


where Ky,«g and Tg are the normal curvature, geodesic curvature 
and geodesic torsion, respectively. In the differential geometry of 
surfaces, for a curve r= r(s) lying on a surface M the following are 
well-known [11] 

(i) r(s) is a geodesic curve if and only if kg = 0. 

(ii) r(s) is an asymptotic line if and only if ky = 0. 

(iii) r(s) is a principal line if and only if t, =0. 


Definition 2. A regular curve in Minkowski 3-space, whose posi- 
tion vector is composed by Frenet frame vectors on another regular 
curve, is called a Smarandache curve [2]. 


In the following, we investigate Smarandache curves TP, TU, PU 
and TPU and study some of their properties which represent the 
main results. 


3.1. TP—Smarandache curves 


From the Definition 2, the TP— Smarandache curve of r can be 
defined by 


a(s) = Fat +P). (4) 


J/2 
Differentiating Eq. (4) with respect to s, we obtain 
da ds 1 
a= iit ater + (Kn — Tg)U), 
with the parameterization 
ds 1 
ds J (Kn — Tg), 
and then 
Pe 1 
“(Kn = Tg) 
Differentiating Eq. (6) with respect to s and using Eq. (5), we get 
aT -/2 
= (w 
ds (Kn — Tg)? 


(5) 


(KgT+KkgP + (Ky—Tg)U). (6) 


T-4 @2P - w3U), 


where 


W1 = (Ty Kg — Ky Kg Ky? — KyTg)), 


Wy = (Ty Kg— Ky Kg (Kn — Tg) Tg), 


2 
@3 = Kg(Kn — Tg)’. 


The curvature and torsion of @ are given as follows 


. dTy 1 i er 

Ky as <a 2(-w7 + w3 — 3), (7) 
and 

= @1T + @2P + @3U 

Ny = 


[=a 2 2. 
—Wi + WZ — W3 


On the other hand, we express 


-1 
2 2 2 
Ky — Tg),/-@5 + @5 — 3 


Be = (Tx 8) = 
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T P —U 
Kg Kg  (Ky—Tg)|. 
WM @W2 W3 


So, the binormal vector of a@ is 


_ =1 
(Ky — Tg),/—@% + 03 — w3 


where 


Ba (@1T t @2P | @3U), 


@1 = (Tg— Kn) @2 + Kg3, 
@2 = (Kn — Tg)@1 — Kg3, 
3 = Kg@1 — Kg. 
We consider the derivatives a’, a’”’ with respect to s as follows 
1 
y / 
a= aA 


+(—Ty + Ky — KgTg 4 Kg )U}, 


24 y2 =_—? 2 
Tk + Ky + Kg )T + (Kg — Tz + Tekn + Kg )P 


1 
al” = wae + A2P 4 A3U), 
where 
Ay = -2y Ky + Ky (Bkn — Ty) + Kg(3kg + Kg” + Ky? — Te”) + Ky, 
Aa = Ty(Kn — 30g) + Zhu Ty + Kg (3k y + Kg? + Ky? — Te”) + Key, 
Ag = —Tykg + Kykg + (Ky — Ty) (2ky + Kg? + Kn? — Te”) 
—Ty + Ky. 
In the light of the above, the torsion of a is given by 
= (Kw — Tg) (# ) 
Ty = —-——— (| =}, 8 
a 2/2 2 \x2 (8) 
where 
BU Kg — 3K Kg — Ky (Kn — Te) 


x (BKg + 5kg? + (Ky — Te) Te) 


oo +14 (GKyKg + (Kn — Ty) (3Ky + Skeg? + Ky? — KyTe)) 
+(kn — Tg) 
_ [5k pkg (Kn — Ty) + 2k g3 (KN — Ty) + (KN — Te) Ky 
= +K_(2 (kn — Tg)" (Kn + Ty) — Ty + Ky) , 


Thus we can state the following Corollary. 


Corollary 1. Let a(s) be a timelike curve lies on a timelike surface M 
in Minkowski 3-space E then 


1. If a is a geodesic curve, then the equations 
2(t? = Ky?) 


(KN — Tg)? * 


a= 


F (Kn — Tq)°( TKN = KyTs) 
= AV2(T,2—Ky?) 


are hold. 
2. If a is an asymptotic line, the following hold 


- 2(2tf Kg — Ty(2Ky + 3g? — T?)) 
Ka = = 


’ 


( 3/2 ky Te (34g ae Ee ) 
- 8 \ 4-14 (te(kg(Skg + 2k g? — 21g”) + Ky’) + KgTy’) 


a= - 


AV2 (24 Kg — Ty(2Kg + 3Kg? — Te?) 


3. If a is a principal line, the following hold 


" Akh Kg — 2ky(2ky + 3k_? + Ky?) 
Ky = a3 


12 / / 2 
BK Kg + Ky (3K E+ 5K g2) KN 


a etal + 2(kg? + Kn?)) + Kf) 4 a) 


i 2/2 (4KK, Kg — 2k (kg + 3k? + Ky?)) 


3.2. TU—Smarandache curves 


Let r=r(s) be a timelike curve lying on an oriented timelike 
surface M in Minkowski 3-space ne Using Definition 2, the TU— 
Smarandache curve of r is given by 


- 1 
BOS) = va (9) 
it leads to 
Tg = : (KNT+(Kg + Tg)P+KNU). (10) 


V—2kn? + (Kg + Te)? 
By taking the derivative of Eq. (10) with respect to s, we have 
dT, 2 

ds (—2ky? 4 (ite: T,)?)? 


(€4T + €2P + €3U), 


where 
Kg! + 3kg3 Ty + Ky (Kg + Tg)? — Kg? (Kn? — 37,7) 
€,= ty (—2ky? — (Ky + Ty) Te + KT?) 
Kg (— (Ky + Ty )Kn + Te?) 


€2 = Ky (—2 (kg + Ty) Kn + (Kg + Ty) (2ky — 2k? + (Kg + Te)?)), 


( Ky? t Tg(Kg t Tg)) ( 2KN* (Kg Tg)”) 


Therefore, from aforementioned equations, the curvature functions 
Kg, Tg are expressed as follows 


63 = e Kw (Kg + Tg) — Ty Kn (Kg + Ty) + Ky (Kg + ") 


dTz 1 
kg = fy = 2(-€2 + «2 — 2), 
| ds (—2ky? + (Kg + Tg)*)? ( oe :) 
= €1T+ ©P+6,U 
Ny = , 


/—@2 2 2 
—€; + Ez — €3 


Besides, the binormal vector of 6 is 


€1 = Kn€3 + (Kg + Tg)eq, 
€2 = Kn€1 — Kné3, 
(Kg A Tg )Eq — Kné€2. 


™ 
w 
ll 


After differentiate 6 with respect to s, we get 


p= 1 [yt Toke t ky + Kg )T + (kp + Ty + Tek + KyKg)P 
J2 + (Ky — KgTg — Te + kq)U ; 
similarly, 
1 
BY" = vq eat + [42P + [43U), 
where 


/ / / 2 2 2 
[Ly = 2TyKg + Ky (3Kg + Tg) + Kn (BKy + Kg? + KN? — Te”) + KN, 
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[a = (Ky + Ty )Kn + (Kg + Ty) (2ky + Kg? + Kn? — Te”) +H + Ty, 


/ / / 2 2 
[3 = —2KgTg — Ty (Kg + 3g) + Kn(3Ky + Kg” + Kn? — Ty”) + KK. 


Following that, the torsion of 6 is obtained as 


- 1 
Tg = t ; 11 
B 22K (§ + &2 — &3) (11) 
where 
Ky (2ky + Kg? + 2ky? — Te”) 
& = ((Kg + Ti )Kn + (Kg Tg) (2ky + Kg? + Ky2 — T,”) 
ea) 

-_ (eg + TK + (Kg + Te) (KK + Zhen? — Ty(Kg + T))) 

(2tykg + Kg(Bkg + Ty) + Kn (BKq + Kg? + Ky? — Te”) + KY), 
a (—(kg + Tp )KN + (Kg + Te) (Key + Kg (Kg + Te))) 
3 2 " 


(—2k tg — Ty(Kg + 3Tg) + Kn (BKq + Kg? + Ky? — Ty”) + KY). 


Thus we can give the following Corollary. 


Corollary 2. Let 6(5) be a timelike curve lies on M in Minkowski 
3-space E?, then 


1. If B is a geodesic curve, the following are satisfied 


2 2x 
ce 2 - 2)\3° 
(1,2 — 2ky?) 
where 
ee Aky® — 2T? Ky? — 2KP Te? — Bky* Te? — ATK Ts? 
1 = pe 6 / / 3 ’ 
+5ky?Ty4 — 15 + 2hkqyTe(WT KN + Te?) 
Tp = X2 =, 
4/2 X3 
where 
2 / 2 
Ky(T,? — 2Kj, — 2Ky?) 
(tk T,(2Ky + KN? Tg”) ti) 
! / 2 2 
a +(Tykw + Te( Ky + 2ky? — Te”) 
Ky (3Kq + Kn? — Te”) + KY) , 
/ / / / 2 2 
(KqTe — Tykn) (—3tgTe + Kn (3kq + Kn? — Te?) 
"” 
+Ky) 
Aky® — 217? ky? — 2K Te" 
4,2 ee 
a 1 —8kN* Te" — 2T KNTg 


+5ky?To4 — Te® 


2 Wy2)3 
eae) +2KKT(2tyky + Te?) 


2. If B is an asymptotic line, then 


7 —2(kg® + Akg? Ty + Thy Tq? + Bk g3 Ty) + Tg? Te4 + AgTe> + Te) 
kK F 
i. (Kg + Te)® 


9 
2 (Kg + Tg) (Tzks im kgTg) 


Tp 3 
—4V2(kg6 + 4k g9 Ty + Thg4 Te? + 8k(g3 Ty} + Tkg?Te4 + AkgTe> + Te) 


3. If B is a principal line, the following are clarified 


Aky® — 2K Kg? — Kg® + 2k gk? Ky — 2k? KN? 
+k gtk? — 2kiyKe(Kg? — 2K4Kn) 


; 


(kg? ~ 2ky?)3 
(k,? _ 2Ky?)3 > 


6 124 2 6 Me 3 ip 2 7 
4/2 Aky? — 2ky Kg” — Kg? + 2k gk g" Kn — 2K 5° KN 
+kp4 Ky? — 2K} 3 _ 2k) 
g Kn’ — 2KyKg(Kg” — 2KgKN 


where 
3K pe KgKN 
Ly = | kv (AiciPacg + Thug? + Qty? (keg? + Ky?) + (Zky + kg? + 2key?) cg’) 
—Kg(Keg? — Bk?) Keg) + eg (Key (BK q? + Aken?) + Ky (7g? Key + 2K) 


3.3. PU—Smarandache curves 


Assume that y = y(S) is a timelike curve lying fully on M in ES. 
Let {T, P, U} be Darboux frame of y. Then by Definition 2, the PU— 
Smarandache curve of y is identified by 

1 


5 P +U). 


y (Ss) = 

and 

Tt - ((Kg + Ky )T+TgP—TgU) | 
= (Kg + Kw)? 


Differentiating Eq. (12) with respect to s, we have 


dT, J2 ( 
dS (Kg +kn)3 


6:7 + OoP + 630), 
where 


1 = Talk — Kg), 


br = ((kg + Ky) Tg — (Kg + Kw) (Ty + Kg (Kg + Kw) — Te”)), 


$3 = ( (Kg ky) Tg (Kg t Ky) (Ty Kn (Kg t Kn) t T_”)). 
The curvature of y is determined by 

dT, 1 

ds || (kg+kn)? 


Ky = 


2(-¢2 + ¢} - ¢3). 


Further, we define the principal normal and the binormal vectors 
as follows 


N, = 617+ P+ ¢3U 

© =f aE EP =e 

- -1 < - : 
B,, = OT + 2P + 3U), 
Fes ee 


where 


a = Tgf3 + Telo, 
b = —Tgb — (Kg + Tbs, 
3 = Teli — (Kg + Tg). 


If we differentiate y’ to get y’’, y’”’, then we obtain the torsion of 
y as follows 


"es {tes + Ky + Tek — TeK)T + (Ty + Kg + KNKg — Te” )P 
+(—Ty + Kinky + KR — T;”)U}, 
y= ut + ¥oP + v3U), 
where 
V1 = ty (Kg — Kn) + (Kg — Ky) Te + (Kg + Kn) (Kg? + Kn? — Te”) 


" " 
+Kg + ky, 


V2 = 2kyKg + Kg (BKg + Kn) + Ty(—3 Ty + Kg? + Ky? 
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V3 = QWkgkn + Ky (Kg + 3k) — (3ty + kg? + Kn?) Ty + Ty? — TY, 

T. : (21 + #2 + 23) (13) 
Y= 2/ 2K? bl an BP) 

where 


(—Ti (kg + Kw) + Kn (Kg + Kn)? 
= (Ki + Kh) Ty — 2k gts”) 


w= 
? (2K + eke + ky) 
+T,(—3ty + Kg? + Ky? — Te) + Ty’) 
(Ty (kg + Ky) — (Ki + Ky) Te 
wal eilirtn?= 292) 
: (—2k pkey — Ky (Kg + 3Ky) 
tT, (37; + Kg? + Ky? — Te”) + T,') 
— (20) + kg? — Kn?) Te 
3 = (20; (kg — Kw) + (kg — Ky) Te 
+ (Kg + Ky) (kg? Kn2 Tg”) + Ky 4 Ki) 


From the above calculations, we can introduce the following re- 
sult: 


Corollary 3. Let y(s) be a timelike curve lies on M in Minkowski 3- 
space E}, then 


1. If y is a geodesic curve, the curvature and torsion of y are, re- 
spectively 


3 / 2 U 2 2 2 2 bee 3 
P 2kn (2t, — Ky ) — Aki kn? Tg — 2k (4ty — Ky )tg + 8k, Ts 
i Ky? > 


—2,7KNTg — 3Ky?KNTg 

; , +4 Te (Kn? Ts — 21,3 + 21/) 
ty =—_— +1, (Ky (3ky? + 2747) 

2/2 24 +Tg(—Ky? + 2ky Tq” — 211) 

Ky? ( KnTy TgKc}i) 
where 
- (= (20, - ky?) - sae (41; - Ky?) T? + 8k) Te? ) 
N 


2. If y is an asymptotic line, we get 


jee + Kg") — Ak pkg? Ty — 2k (44 + 3kg?) Te? + 8K{T,3 
Kg? , 


es 1 (=) 
¥ 2/2\ x6)" 


where 


—Kg(Kg? — Ag”) ty! + kg (Ty(3kg? — 277) 
+1 g(7kg? Te — 2t,3 + 2t,’)) 


kg? ( (2t, + kg”) 


: ate KgTg 
10t,? + 7Tgkg? + 2Kg4 , ay) 
«( ras + 3442 Jt? +414 J (215 + ke") g 


— Ak pkg? Ty — 2k g(4T, + 3k?) Ty? + BHAT? 


3. If y is a principal line, the following hold 


= 2 (kg? = Ky?) 

en Ce ED 

. (Kg + Kn)? 
_ (kg + ky)? (KiyKg — Kgkn) 
t= 


22 (ae =) 


(Kg+Ky)? 


3.4, TPU—Smarandache curves 


Let r=r(s) be a timelike curve lying on a timelike surface M 
in Minkowski 3-space Ee and {T, P, U} be the Darboux frame of 
r(s). According to the definition of Smarandache curve, the TPU— 
Smarandache curve of r is expressed as 


- 4 
58) = +P +0). 


This implies to 
T= ((Kg + Kn) T+ (Kg + Te) P+ (kn 
/—2 (kg + Kn) (Kn — Te) 

Differentiate Eq. (14) with respect to s and use Eq. (3), we obtain 
dT; wa 

dS (keg + Kw)? (kn — Te)? 
where 

E1 = (kg + ky) (—Ty (kg + Ky) + Ky (Kg + Te) 


(kw — Ty) (kg + 2(Kkg? + kn? + (Kg — Kn) T))), 


Tg)U) (14) 


(§:T + &2P + &3U), 


Tg(Kg + Kn) (Kg + 2kn — Tg) 
Ky (Kg + 2kKn — Te) (Kg + Te) + (Kn — Te) 
(Kg (kg + 2kn — Te) 
+2 (Kg + Kn) (Kg + Kn — Te) (Kg + Tg)) 


& = —(Kg + Kn) 


&3 = (kn — Tg) (Ty (Kg + Kv) — Ky (Kg + Tg) 
(Kn — Tg) (—Kg + 2(Kg + Kn) (Kg + Kn + Te). 


Then, the curvature and principal normal vector of 6 are, respec- 
tively 


1 


~ A(kg + kw)? (kw — Te)? 


7 3(-§2 + 7-82), (15) 


N. = 517 + 2P + &3U | 


Also, the binormal vector of 6 is given by 


- = ? = : 
= (&:T + &P 4 EU), 
V—2 (kg + Kw) (Kn — Te)a/—E? + 6? — 83 
where 
Ey = (kg + Te)E3 — (Kw — Te) 2, 
&) = (kn — Tg)&1 — (Kg + Kn )&3, 
&3 = (Kg + Tg)&1 — (Kg + Kn 2. 
The derivatives 5”, 5’ of 5 are 
(kg + Ky +Kq + Kg + Tykg — Tek )T 
6" = F + (Kg + Ty + Kg + KyKkg + KyTg — T”)P 
3 4( Tg + Ky + Knkg + Tgkg + Ky — Te” )U 
1 
6" = T+ 72P+ 73U), 
yam N2P + 93U) 
where 
m1 = 2Ty(Kg — Kn) + 3kKyKn — KyTg + Kg (3Kg + Tg) 


+(Kg + Ky) (Kg? + Ky? — Te”) + keg + kK, 


No = Kg(3kg + Ky) + Ty (Kn — 37g) 
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2 


+(Kg + Tg) (2K + Kg 


13 = Ky(Kg + 3k) — Ty (Kg + 37g) 
+(Ky — Tg) (2kg + Kg? 


In the light of these derivatives, the curve’s torsion of 6 can be 
computed as follows 


Kn? Tg”) Ty + KN. 


2 uz +H 
-— , (16) 
33K? ((Kn — Tg) (%9 + 22¢10)) 
where 
Ky? (3kg + Ak — Te) (Kg + Te) 
Ty? (3kg? — Ak gk + Kn? + 2(5kg + KN) Ts) 
pore Kg (5Kg — 2ky + 37g) 
~ 2kg (Kg — 2KN) , 
f H H SX" 
2ky (Ken — Te) res t)( (kg Kn) Te Tg ) 
+Kg + Tg 
Ky (3k 2k? - 6kgTg + Te”) 
tg = 2T! Kg(5kg + Tg) ‘ 
= Fl +(kn—T,)} +(kg ky) (Bk, Tg) (Kg — Kn + Tg) 
+Ky + ky 


Ky (Kn — Te) 


4g = fog —2k? + Kg(4Kn — Tg) ) on ‘ , 
+24{ (Kn a 4 Te(ky + Te) Tg + Ky 


2kg4 (KN — Ty) + 2K g? (Kn — Te) Te 
+2kg? ( (Kn — Ty)? (Kw + Te) — Ty! + KN) 
%10 = tw (—Kw (Kg + Ty’) + Tey’ + Kn) 
ie ky? Tg — 2ky? Te? + Kn (—2Tg? — Ty’ + Ky) 
. +2t¢(t3 — tf + Ki) 


Corollary 4. Let 5(s) be a timelike curve lies on M in Minkowski 3- 


space E?, then 


1. If 6 is a geodesic curve, the curvature and torsion can be expressed 
as follows 


a 3A, 
8 Kn? (Kn — Tg)?’ 


= A2 
3 = De ap’ 
3V3 kK? 
where 
Ty’? — 2T KN 
Aiv= | (ky —2(kw — T)*) ty + Ky? Te? — Ak (Kn — Te)? Te? |, 


—Aky* (Kn — Tg)? (Kn + Tg) 
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Ky? Tg (—4kn + Ty) — Ty?KN (Kn + 2Tg) 
—2Kq (Kw — T)((Kn — Te) Te? + Te’) 
+2Kn (Kn — Tg)(—Kv Ty + Tek) + 2Ty 
(Kq (2k? + Te?) + (Kn — Te) (Kn (KN — Te) Te + KN) 


Ag, = 


2. If 5 is an asymptotic line, we have 


: Ag 
38= = 
33K; 
where 
(242 ' ' 2 2 
fee ( ve Kg ~ 2takate Kg + 2kg - Me ) ; ) 
ts / 
+g? (Kg? + Akg? (Kg + Ty)? + 4k 4 (Kg? — Te”) 
— Tg? Kg(3Kg + 10Tz) — 2TyTg (Kg (Wg — Ty) (Kg + Ty) 
Ag= +K,(5Kkg + Te) + Kg) 


+g (kg + 2kg(Kg + Tg) (te(Ky + 2kg? — 214") 4 27) 


3. If 5 is a principal line, we obtain 


—_ 1B As 
° 8Y Kn3 (Kg + Kn)?" 


—Ky?Kg(3Kg + 4k) 
T= ae 2kykn (—5kgkg — 2kg? + 2(ky + 2kg”) Kn — Ky’) 
3V3 
+g Kn 

where 

Ky? Kg? + Kn? ( (Kg + 2k)? + Akg gk 
As= —8kg?Ky? — 8kgky? — 4ky‘) 

—2K KK gk (Ky + 2Kg(Kg + Kw)) 
Ky (Kg? + 4k gKg (Kg — 2k) 

Ag = | +4kg? (kg? + ky?) — 2kvg) 


+2 (ky + Kg(2Kg + Kn)) Ky 
4. Computational example 


In this example, we construct some special Smarandache curves 
(TP, TU, PU and TPU) of a timelike curve which lies on a timelike 
surface. Moreover, using Mathematica program, we compute their 
differential geometric properties (Figs. 1-3). 

Suppose we are given a timelike ruled surface represented as 
M(u, v) = r(u) + vQ(u), 
where the timelike base curve is given by 
r(u) = (u, /2coshu, V2 sinh u), 
and 
Q(u) = (V2 cosh u, 1, V2 sinh u), 


is the ruling vector of M. 
The triples of Darboux frame can be computed as follows 


T= (1, J2sinhu, V2 coshu), 


(Al, A2, A3) 


P 
Ai 


where 


i | (1+ 2v + cosh(2u) — V2sinh(u))’ + (V2(1 + v) cosh(u) — 2sinh? (u))” 
= 


—(1+ V2vsinh(u) — sinh(2u))" 


Al = 2V2(1 + v) cosh(u) + sinh(u) (v2 — 2cosh(u) + 2vsinh(u)), 


cosh(u) cosh(3u) 
A2=v + (1+ Vv) cosh(2u) — ———— 
J/2 ‘ : oH V2 
—J/2vsinh(u) + sinh(2u), 
sinh(u) : sinh(3u) 
A3 = 1+2v+cosh(2u) + + (1+) sinh(2u) — ————, 
(2u) 7a ( ) sinh(2u) 7 
and 
_ (B1, B2, B3) 
U => =a. 
where 


B1 = —V2(1+v) cosh(u) + 2 sinh(u)”, 
B2 = 1+ 2v+cosh(2u) — V2sinh(u), 
B3 = —1 — V2vsinh(u) + sinh(2u). 


According to Eq. (3), the geodesic curvature kg, the normal curva- 
ture ky and the geodesic torsion Tg of the curve r(u) are 


Kg = (T',P) = Fa 2 sinh(u)(2v + V2 sinh(u)) 
2 


+cosh(u)(2 + 4v — 2V2usinh(u))), 


Ky = (U, T) 
4/2(-4 +4 u(-2 4 3v+ Heh 
—4(10 + 3v(7 + 4v)) cosh(u 
4+3V/2v(7 + 4u(5 + 2v)) cosh(2u) 
—2(16 + v(43 + 24v)) cosh(3u) 
+4,/2(4 + 3v) cosh(4u) 
—2(4 + 3v) cosh(5u) 
—4J/2v cosh(6u) — 4(5 + 3v(2 +. v(5 + 4v))) 
sinh(u) + /2(17 
+12v(5 + 4v)) sinh(2u) — 2(9 +22v+ 6v") sinh(3u) 
+2/2(8 + 11v) sinh(4u) + 2(—3 + 2v) sinh(5u) 
+2 sinh(6u) 


_ 1 
Day? 


1-2v— V2(-4+v+ 4v’) 
cosh(u) + 2(3 + 5v) cosh(2u) 
— 1 | 4+/2(-24+v) cosh(3u) + cosh(4u) 
Aa —J/2(7 + 4u(2 + v)) sinh(u) 
42(2 + v(3 + 2v)) sinh(2u) 
—J/2(3 + 4v) sinh(3u) — vsinh(4u) 


where 


54+ 12v(1 + v) + 2V2 cosh(u) 
+4(1 + 3v) cosh(2u) — 2V2 cosh(3u) 
+cosh(4u) — 2/2(1 + 6v) sinh(u) + 4sinh(2u) 
—2,/2 sinh(3u) 


hy = 


If we choose u = 0 and v= 0, the curvatures (Kg, Ky and Tg) are 


2 2 1 = 
ere Kn ne = 70 (8 + 2V2). 


TP— Smarandache curve 
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Fig. 3. PU and TPU— Smarandache curves. 
The TP—Smarandache curve can be computed as PU-— Smarandache curve 
The PU—Smarandache curve can be computed as 
yeu = (V1, Y2, Y3)s 
V2(1 + v) cosh(u) + sinh(u)(V2 — 2. cosh(u) + 2(1 + v) sinh(u)) 
Y1 VIA, ; 
2+ 6v+V/2cosh(u) + 2(2 +v) cosh(2u) — V2 cosh(3u) — 2V2(1 + v) sinh(u) + 2 sinh(2u) 
Y= 
2V2A, 
Av + 2cosh(2u) + /2(1 — 2v) sinh(u) + 2(2 + v) sinh(2u) — y2sinh(3u) \_ 
eS 2/2 Ay 
Otp = (1, 2, 03), In this case, we get (u= 0 and v=0) 
where 
1], 2V2(1 + v) cosh(u) + sinh(u)(/2 — 2 cosh(u) + 2vsinh(u)) 
a, = t ; 
ame’ Ai 
1 [v4 on (1 +v) cosh(2u) — cost) — /2v sinh(u) + sinh(2u) 
a = /2sinh(u) + — 7 ; 
: @) a i 
1+42v+cosh(2u) + Sth + (1+) sinh(2u) — SmhGw 
3 = = cosh(u) + 2 2 ' 
J2 Ai 
Therefore, we get (u=0 and v= 0) Ry =2.204, zt = 0.113. 
Rare dls. ae TPU— Smarandache curve 
TU— Smarandache curve The TPU—Smarandache curve is given by 
For this curve, we get 
a Seog, — (51:52:55) 
Bru = (81. Ba, Bs). shee (2V3A1) . 
where 
2(V2(1 h V2 sinh 2sinh(u)? + 2vsinh 
4 (4 —/2CL + cosmay + 2sim? 0) juci( OAD eMeh eii  aney paren) ) 
V2 Ai 
_—— V2 cosh(u) + 2(2 + v) cosh(2u) — V2 cosh(3u) 
b= Al sity 21 228% cosh(2u) — V2 sinh(u) ae jo( 1+3u+sinh(2u) + sinh) 
J2 Ay , —V2(1+v)+ A, 
1 _al- J2vsinh(u) + sinh(2u) 4v + 2cosh(2u) + /2(1 — 2v) sinh(u) + 2(2 + v) sinh(2u) 
B3= $5 (v2coshan ; Ay = ( —/72 sinh(3u) + 2A, cosh(u) 
after some calculations, we obtain (u = 0 and v = 0) it follows that (u = 0 and v= 0) 


Kg =2.965, Tg = 0.199. Ks = 1.319, Ts = 0.549. 
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5. Conclusion 


In the present paper, we have studied special curves called 
Smarandache curves according to Darboux frame in the three- 
dimensional Minkowski space Ee: These curves are composed us- 
ing Frenet frame vectors of another curve. Moreover, some results 
for the meaning curves are obtained. Finally, for confirming our re- 
sults, a computational example is given and plotted. 
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